Abstract-An equivalent surface current method is used to derive an analytic expression that approximates the coupling coefficient, reflectivity bandwidth, and group velocity for coupling between identical and nonidentical TE modes in an asymmetric three-layer waveguide with a sinusoidal grating at one waveguide interface. The analytic expression for the coupling coefficient agrees with expressions derived by two other methods for contradirectional coupling between identical modes. The results from the analytical expressions are compared to results from a numerically accurate Floquet-Bloch solution. The analytical expressions, which do not depend on which interface contains the grating, provide almost identical results obtained by the accurate solution for shallow grating depths and small index changes at the grating interface, a case typical of single-mode distributed feedback lasers. However, the accurate numerical solution, unlike the analytic solution, shows that in waveguides with only a large index step at the grating interface, increasing the grating depth can result in decreasing the coupling coefficient, a case typical of some distributed Bragg reflector lasers. In highly confined silicon photonic waveguides (large index steps at both interfaces), the analytic expression gives accurate results even for deep gratings. The derivation of the analytical expression for the coupling coefficient in this paper using the equivalent surface current method extends the application of the previous analytic formulas to nonidentical mode coupling where the forward and backward modes are not identical, which has application to gratings in multimode broadened waveguide lasers and amplifiers.
I. INTRODUCTION

K
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as well as distributed reflector (DR) lasers [6] , [7] incorporate a grating at an interface between layers of a multilayer optical waveguide, as opposed to the periodic bulk complex index of refraction variation considered in [1] . A common perturbation formula used as the starting point for calculating the coupling coefficient κ pq between a forward propagating p th mode and a backward propagating q th mode of a grating formed at a layer interface within an optical waveguide with any number of layers [8] - [10] is
which can also be written as
since the power in each mode is normalized to unity and therefore
In both equations, k 0 is the free-space propagation constant, β p and β q are the propagation constants of the p th and q th modes and E p and E q are the electric fields corresponding to the p th and q th modes. The magnitude of the periodic dielectric perturbation of the grating Δε(x, z) is (ε core − ε clad ), where ε core is the relative permittivity of the core (center) layer, ε clad is the relative permittivity of the cladding layer at the waveguide interface that contains the grating. Equations 1 and (2a) show that the strength of the grating increases as the relative permittivity step on either side of the grating increases. In addition, the strength of the grating also increases as the fraction of the light confined to the grating layer increases. Although (1) and (2a) are functions of x and z, once the integration is performed, the values of κ are constant for simple gratings with a fixed period and fixed duty cycle.
Although DFB, DBR and DR lasers have numerous layers which may include multiple quantum wells and barriers, compositionally graded separate confinement heterostructure (SCH) layers and cladding layers, a common approach for the first analysis of such complex waveguides is to approximate the numerous layers with a simple three-layer waveguide that has an index profile that provides a close approximation to both the effective index and the modal profile of the actual waveguide. Fig. 1. (a) Index profile of the original three-layer asymmetric waveguide before the grating is etched; (b) Index profile of a three-layer waveguide with a grating at the 1-2 interface; and (c) Index profile of a three-layer waveguide with a grating at the 2-3 interface. The dashed lines in (b) and (c) indicate the index profiles after etching the grating at either interface and n g is an average index of the grating layer. Fig. 1 shows the index profiles of asymmetric three-layer waveguides without (see Fig. 1(a) ) and with a grating (see Fig.  1 (b) and (c)). The dashed lines in Fig. 1(b) and (c) show the resulting average index [11] - [13] of the grating layer after etching and regrowth.
Streifer et al. [10] applied (1) to three layer waveguides (see Fig. 1(a) ) with a sinusoidal grating and obtained an expression for first order coupling coefficients for TE modes of the same order (p = q) which can be written in the form (see Appendix III):
In (3), the grating depth is g, the relative permittivity of the core layer is ε core , the effective index of the mode is n eff , the free space wave vector is k 0 , the propagation constant is β, the thickness of the unperturbed center layer of the waveguide is d, the transverse wave vectors for the two outer layers of the waveguide are δ and ζ.
Luo and Zory [14] derived a closed form expression for κ using a ray optics approach for a grating in five-layer optical waveguides, which Coldren et al. [15] applied to three-layer waveguides. The ray optics approach also results in (3) for 3-layer waveguides.
This paper derives a closed form equation for gratings in an asymmetric three-layer waveguide using the equivalent surface current method, which has been applied to gratings in waveguides including symmetric three-layer waveguides [16] . Originally the goal was to compare several closed form analytical formulas derived by different methods with a numerically accurate solution to the three-layer grating problem. Surprisingly, as shown in this paper, all three analytical methods (overlap integral, ray optics, and equivalent surface current method) yield the same formula (3) for coupling coefficients for identical modes. The formula (9) derived using the equivalent current source method is more general than (3) in that it also includes coupling between non-identical modes. A useful finding from the analysis presented in this paper is that κ for hybrid (p = q) and higher-order mode coupling is larger than κ for fundamental mode coupling at a fixed operating point, which can be problematic in obtaining fundamental mode operation of broadened waveguide lasers with grating reflectors.
This paper investigates the accuracy of the simple analytic formulas for both single mode waveguides (typical of standard lasers) and multimode waveguides (such as broadened waveguide laser structures [17] ) in III-V materials and for silicon photonic waveguides by comparing results from the analytical formulas with accurate results from a numerical method. Silicon photonic waveguides [18] are almost always asymmetric three layer waveguides, making the comparison of the analytic formulas with accurate numerical solutions directly applicable. DFB, DBR and DR laser structures are sometimes represented by simple asymmetric three-layer waveguides in part because numerical methods such as the Finite-Difference Time-Domain method [19] can take many hours to execute, even when applied to simple grating waveguide problems. The results from analytical formulas can be used to reduce the solution space of complex structures before using numerical methods. Comparing the results of these proven analytic solutions with those of commercial, open source or in-house developed grating software is one way to develop confidence in the results of the software.
II. APPROACH
A. Equivalent Current Source Method
This paper outlines an independent third approach to obtain an analytic formula for the coupling coefficient which results in (3) for coupling between TE modes of the same or different order. The insight from this third approach helps to explain why, for small perturbations, the coupling coefficient using (3) is independent of which interface of the three-layer waveguide contains the grating. Fig. 2(a) with the line integral around surface S in Fig. 2(b) (where J = 0, but the boundary is flat), a periodic sinusoidal boundary between two materials is equivalent to a planar boundary with a periodic surface current J s (z) flowing in the y direction, given by [16] :
where ε 0 is the permittivity of free space, ω is the radian frequency of the electromagnetic (optical) field, ηd is the depth g of the periodic boundary, ε core is the relative permittivity of the material in the center layer, ε clad is the relative permittivity of the cladding material at the interface between the center and cladding layers that contain the grating, K (K = 2π/Λ, where Λ is the grating period) is the grating wave vector, z is the spatial coordinate aligned with the axis of the waveguide and is also the direction of propagation of the electromagnetic (optical) mode, and E(x 0 , z) is the value of the electric field at x = x 0 (x is the spatial coordinate perpendicular to the z axis) for any value of z. The value of x 0 is either 0 or d, depending on the location of the grating. By writing cos(Kz) in (4) in terms of complex exponentials, a forward propagating
results in components of the surface current that vary as
a component of the surface current is phase matched with (and acts as the source of) a backward traveling q th mode of the form
. Equation (5) is the first Bragg condition for contradirectional mode coupling. Alternatively, if the grating period Λ is chosen so that β p − K = β q , or equivalently
a component of the surface current is phase matched with (and acts as the source of) a forward traveling q th mode of the form
iβ q z . Equation (6) is the first Bragg condition for codirectional mode coupling. In both the contra-and co-directional coupling cases, the forward propagating p th mode can be replaced with a forward propagating q th mode with the same results.
To obtain an analytic formula for the coupling coefficient using the Equivalent Current Source method, the grating is treated as a perturbation that results in first order corrections Δβ, Δδ, Δs and Δζ to the longitudinal and transverse propagation constants β, δ, s and ζ. These corrections are obtained by matching the boundary condition at the waveguide interface that contains the grating:
where
Defining the coupling coefficient as the maximum of the imaginary part of Δβ, the resulting expression for the coupling coefficient is (see Appendix II)
where p and q are the mode numbers, and M q = (δ q +ζ q )(d+
. When p = q, (9) becomes equal to (3), the same formula that was derived from the ray optics technique [14] , [15] and the overlap integral approach [10] (see Appendix III).
Since the value of κ in (3) and (9) does not depend on which interface contains the grating, J 23 must equal J 21 . The unperturbed field amplitudes at x = 0 and x = d are given in Appendix I where the relationship
is shown to be true for all three-layer waveguides. From (10) and (4),
The width of the stop band (see Appendix II) is:
In (11),
, where c is the speed of light, ω pq is the radian frequency,
and
The reciprocal of the perturbed group velocity is (see Appendix II)
The reciprocal of the unperturbed group velocity is (see Appendix II)
B. Numerical Floquet-Bloch Solution
Numerical methods using the Floquet-Bloch approach have long been used to analyze gratings in optical waveguides [11] , [12] by matching the boundary conditions of the electromagnetic field at every interface contained in the grating region (and at every interface in the complete optical waveguide) to obtain a detailed and accurate solution of the grating strength and distance over which a large fraction of the waveguide light is reflected, transmitted and (in the case of second or higher order gratings) radiated by the grating. In the Floquet-Bloch approach, the electric field is written as: (14) where γ = α − iβ is the propagation constant of the mode and F (x, z) = F (x, z + Λ) is a periodic function, expandable in a Fourier series (15) where ψ n (x) is the transverse variation of the n th space harmonic. The longitudinal propagation constant γ n of a space harmonic is given by:
where β is equal to 2π/λ g (λ g is the wavelength of the field variation along the z-axis of the waveguide) and α is the field attenuation coefficient (2α is the power attenuation constant), which is also related to the amount of reflected light for a given grating length. The function F(x, z) acts as a modulation on the propagating mode near the Bragg conditions. The accuracy of this numerical approach is limited by the number of terms (called space harmonics) in (14) included in the calculation. In practice, as the number of space harmonics is increased, the values of both β and α approach limiting values and do not noticeably change with further increases in the number of space harmonics. Seven space harmonics, from −3 to +3 were typically used in the calculations performed in this paper. Fig. 3 uses (9) to calculate κL between higher order modes including hybrid mode coupling in which p is not equal to q. The waveguide has refractive indices of 3.0, 3.6 and 3.5 and a sinusoidal grating at one of the interfaces. Mode coupling is stronger for higher order modes than lower order modes at a fixed operating point because the field amplitudes at the waveguide interfaces increase with the mode number resulting in larger equivalent surface currents (4) or equivalently, larger grating layer confinement factors. In designing semiconductor lasers for high power and/or reduced beam divergence, the waveguide dimensions are sometimes increased beyond the region of single mode operation [17] . Increasing the waveguide dimensions often can be done safely, especially with broadband cleaved facet reflectors, since the higher order modes can be designed to have low gain and high losses. However, with the addition of a narrow-spectrum grating reflector to the laser structure, the possibility exists that one or more higher order transverse modes may become the dominant lasing mode since the grating provides stronger feedback for higher order modes as shown in Fig. 3 . According to [20] , however, the fundamental mode will always be the lowest threshold mode in such multi-mode broadened waveguide DFB lasers, provided the gain medium can be made sufficiently long.
III. RESULTS AND DISCUSSION
One characteristic of Fig. 3 is seen in all of the remaining plots of the coupling coefficients as a function of k 0 d: near cutoff, the electric field at the grating interface is essentially zero. As k 0 d increases, the mode becomes more confined and the field at the grating boundary increases to a maximum value. With further increases in k 0 d, the mode becomes tightly confined and the field at the grating boundary decreases. Since the coupling coefficient is proportional to the surface current density (8) , the value of the coupling coefficient will be zero at cutoff, will increase to a maximum value with increasing k 0 d, then falloff towards zero as k 0 d increases further. An alternative but equivalent explanation for the variation of the coupling coefficient as a function of k 0 d is that at cutoff, the value of the electric field is near zero at the grating boundary so that the integral in (1) or (2a) is zero. As the mode becomes more tightly confined, the field near the boundary increases and the integral in (1) or (2a) increases to a maximum value. Further increases in k 0 d more tightly confines the mode, decreasing the field at the boundary causing a decrease in the integral in (1) or (2a) .
The next three figures compare values of κL and κ obtained from the analytic expression (3) to those calculated using the Floquet-Bloch method for various grating depths. Although (3) does not depend on which interface contains the grating, Fig.  1(b) and (c) show that the resulting index profiles do depend on which interface contains the grating. However, as long as the ratio η = g/d is small, both profiles are very similar to the unperturbed waveguide (see Fig. 1(a) ). Further, the index profile with the grating at the interface with the largest index difference deviates the most from the unperturbed three-layer waveguide. As a general rule, (3) becomes less accurate for increasing values of grating depth and for interfaces with large index steps (see Fig. 4(c) and (d), Figs. 5(b) and 6(b) ). The κL plots are normalized to have a peak value 1 by choosing an appropriate ηL/d value. As a result, these curves can be scaled by multiplying by the ratio of a new ηL/d value to that used for the plot. Fig. 4(a) is a plot of κL for a waveguide with refractive indices of 3.5, 3.6 and 3.0 with the grating located at the interface between refractive indices 3.6 and 3.5. A grating at an interface with such a low index change is typical of a DFB laser grating or a DBR laser with a buried grating or a DR laser with a buried grating. The analytic expression for κL is quite accurate for values of η as large as 0.5 (deep grating depths) for values of k 0 d that correspond to a single mode waveguide. Fig. 4 (c) is a plot of κ for the same structure as Fig. 4 (a) assuming a wavelength of 1.55 μm. For values of k 0 d that correspond to a multi-mode waveguide, the analytic expression (3) is still reasonably accurate at shallow perturbation levels of η = 0.1 (see Fig. 4(c) ). Fig. 4(b) and (d) are for the same waveguide as Fig. 4(a) and (c) with the grating located at the other interface with indices of 3.6 and 3.0. Fig. 4(b) is a plot of κL and Fig. 4(d) is a plot of κ. In this case, the analytical formula (3) has large errors (>10%) even in the region of single mode operation for values of η = 0.2.
The normalized plots of κL (contained in Figs. 3 to 6 ) for fixed values of ηL/d using (3) are independent of the grating depth (or η). However, the numerical (accurate) solutions show reduced values of κL for increasing grating depths, which may seem counter-intuitive. Since each plot is for a fixed value of ηL/d = gL/d 2 , as the grating depth g increases, the value of L has to decrease, meaning that κ can increase. This is why the errors of the normalized coupling coefficient κL can appear quite different than those of the coupling coefficient. Fig. 5 (a) and (b) is similar to Fig. 4 , but in this case the plots are for a waveguide with refractive indices of 3.5, 3.6 and 1.5 with the grating located at the interface between refractive indices of 3.6 and 1.5. A grating at an interface with such a large index change is typical of DBR lasers with gratings covered by a dielectric layer of silicon dioxide or silicon nitride. Results from the analytical formula (3) are again compared to those obtained from the Floquet-Bloch numerical method for different values of grating depth. The analytic expression (3) is accurate for small perturbation levels less than η ∼ 0.05 for this case. Fig. 5(b) is a plot of κ (not κL) calculated from the analytical formula (3) compared to the accurate values from the FloquetBloch method for the same structures as in Fig. 5(a) assuming a wavelength of 1.55 μm. The general trend of increasing κ with increasing η is apparent, with the exception that κ decreases from a peak value of 0.92 for η = 0.2 to a peak value of 0.84 at η = 0.5. The reason for this decrease in κ is that increasing the grating depth (see Fig. 1(b) ) distorts the waveguide causing the field intensity to move into the cladding region n 3 . As a result, the field intensity confined to the grating region (see Eq. (1) and (2a)) decreases faster than the grating depth increases, resulting in a reduced value of κ. Equivalently, the amplitude of the electric field that gives rise to the surface current is decreasing faster than η (= g/d) is increasing. Fig. 5(c) shows the width of the stop band for the same structure as in Fig. 5(a) . Results from the analytical formula (11) are compared to those obtained from the Floquet-Bloch numerical method for different perturbation levels η = g/d. The analytical formula (11) is reasonably accurate for perturbation levels of about 0.1 for this case. Fig. 5 (c) also shows that the accurate normalized width of the stop band (Δω/ω pq ) increases with η up to η = 0.2, but decreases for η = 0.5, since the width of the stop band is proportional to κ.
Silicon photonic waveguides have large index steps on both sides of the central layer. Fig. 6(a) is a plot of the normalized coupling coefficient κL for a waveguide with indices of refraction of 1.5, 3.6 and 1.0. The analytic expression for κL is again compared with values obtained from the Floquet-Bloch approach for a range of values of η from 0.005 to 0.5 with ηL/d = 5.5. The sinusoidal grating is placed at the interface between materials with indices of 3.6 and 1.0. Fig. 6(b) is a plot of the coupling coefficient κ for the same structure as in Fig. 6(a) for a wavelength of 1.55 μm. For such tightly confined waveguides, increasing the grating depth does not significantly change the optical intensity confined to the grating region so κ continues to increase with increasing grating depth. This tight optical confinement provided by silicon photonic waveguides explains why grating couplers in such structures can couple 80 to 90% of the optical power in grating lengths of ten to twenty microns [18] . On the other hand, III-V waveguides with index profiles similar to those examined in Figs. 3 through 5 require grating lengths of many hundreds or even thousands of microns to achieve coupling percentages of 80 or 90% because increasing the grating depth beyond about 10 to 40% of the waveguide "core" region reduces the coupling as the mode intensity shifts into the substrate region. An approach to obtaining large out-coupled powers in short (tens of microns) grating lengths in III-V waveguides with more complex grating structures is presented in [21] .
IV. MODAL GAIN IN THREE LAYER WAVEGUIDES
If one of the layers of the waveguide has material gain (or loss), analytic expressions (see Appendix IV) for the resulting modal gain (or loss) are found by a perturbation analysis since even for high gain semiconductor lasers the gain is a small perturbation to the permittivity. The modal gain and the coupling coefficients can therefore be treated as resulting from independent perturbations to the waveguide. The formulas for the modal gain and coupling coefficients can then be combined as described in [16] to find the properties of DFB lasers.
The modal gain in conventional double heterostructure lasers is given by the product of the effective gain coefficient for layer 2 and the material gain of the middle layer.
If gain was available in an outer layer, perhaps a gain layer on a Si photonics waveguide, then the modal gain is the product of the appropriate effective gain coefficient and the material gain of the outer layer.
V. CONCLUSION
An equivalent surface current method was used to derive formulas for the coupling coefficient, reflectivity bandwidth and group velocity for coupling between identical and non-identical TE modes in an asymmetric three-layer waveguide containing a sinusoidal grating at one interface. The results from the analytical expressions are compared to those from a numerically accurate Floquet-Bloch solution. The analytical expressions provide almost identical results obtained by the accurate numerical solution for shallow grating depths and small index changes at the grating interface, representative of many single-mode distributed feedback lasers. However, the accurate numerical solu- Fig. I-1. A three-layer waveguide with relative permittivity ε 1 , ε 2 , and ε 3 . The electric field amplitude at the interface between materials with relative permittivity ε 2 and ε 3 is E 23 , and the field amplitude at the interface between materials with relative permittivity ε 2 and ε 1 is E 21 .
tion, unlike the analytic solution, shows that in waveguides with only a large index step at the grating interface (representative of some distributed Bragg reflector lasers), increasing the grating depth can result in decreasing the coupling coefficient. In highly confined silicon photonic waveguides (large index steps at both interfaces), the analytic expression for κ gives accurate results even for deep gratings. The derived analytical expression for κ extends the application of previous analytic formulas to non-identical mode coupling which has application to the design of distributed reflector multi-mode broadened waveguide lasers and amplifiers.
APPENDIX I
Proof of Equation (10) To show that |E 21 | (ε 2 − ε 1 ) = |E 23 | (ε 2 − ε 3 ) we begin with the transverse electric field distribution for an asymmetric three-layer slab waveguide (see Fig. I-1 ) [22] :
The dispersion relations are
Using trigonometric identities and (I-5):
Using (I-2)-(I-6), the field amplitude at x = d becomes:
Since the left-hand side of (I-7) is equal to 
this result combined with (4) proves that J 23 = J 12 .
APPENDIX II
Derivation of the TE Coupling Coefficient Using an Equivalent Surface Current Technique
The surface current (4) representing the grating at the interface results in a perturbation Δβ, Δδ, Δζ and Δs to the unperturbed longitudinal and transverse waveguides:
Applying the boundary condition (7) to the perturbed waveguide and assuming contra-directional coupling yields:
represents the electric field at the interface that contains the grating layer, and p represents the p th mode and q represents the q th mode. In this theoretical analysis, the grating is always placed at x = d, thus according to the field distribution (I-1), the field amplitude is always C at the interface that does not contain the grating, and is always C[cos(sd) + δ s sin(sd)] at the interface that contains the grating. The constant C cancels out in (II-5).
The first order corrections to the transverse propagation constants (I-2)-(I-4) are:
Using (II-1)-(II-8) in (II-5) and simplifying using (I-5):
(II-9) In (II-9),
Using (I-5) and the trigonometric identity sin 2 (sd) =
A similar equation to (II-9) can be written by interchanging the mode number p with q: In (II-12), c is the speed of light, and ω pq is the radian frequency for coupling between the p th and q th mode (see Fig. II-1) . Note that an absolute sign is added to M p M q in the right-hand-side of (II-12). If (p + q) is an even number,
(ε 2 −ε 3 ) . For contradirectional coupling, β p = |β p |, β q = −|β q |, thus the solution to (II-12) is: 2 , where r represents the mode number. The maximum imaginary part of the propagation constant Δβ occurs at Δω = 0:
The result that κ pq for hybrid (p = q) mode coupling is the square root of the product of κ pp times κwas known in the early 1970s [23] . Equation (II-14) is (9) in Section II. Equation (II-14) is (3) in Section II if p = q.
The frequency interval over which there is an imaginary part of β is the width of the stop band and from (II-13) is:
Eq. (II-13) also provides an expression for the reciprocal of the group velocity:
Fig . II-2 shows ω -β diagrams calculated from (II-13) for a sinusoidal grating with material refractive indices 1.5, 3.6 and 3.5, the same waveguide corresponding to the plots in Fig. 6 . The choice of sign preceding the radical sign in (II-13) and (II-16) depends on the direction of propagation. The derivative of the ω -β curve is continuous except at the stop band edges.
When κ pq /Δω is greater than
, Δβ is complex and the imaginary part of Δβ represents loss (dashed curves in Fig. II-2) to the counter-propagating mode, and the real part of the reciprocal of the group velocity v g is given by
. When κ pq /Δω is small compared with
, which occurs away from the stop band (region III of Fig. II-2) , the reciprocal of the group velocity approaches that of the value of the unperturbed waveguide
depending on which mode, p or q, is of interest. For codirectional coupling, β p = |β p |, β q = |β q |, and (II-12) becomes:
The propagation constant is always a real number for codirectional coupling.
In all the above derivations, second-and higher-order terms were neglected. If a large number of the higher order terms were retained in the derivation, the equivalent surface-current approach would provide accuracy similar to that obtained using the Floquet-Bloch approach.
Because of the way the grating perturbation is defined (see Fig. 2(a) ), there is a subtle difference between the thickness of the center layer of the original waveguide which is equal Fig. II-2 . ω -β and ω -α diagram calculated from (II-13) for a sinusoidal grating in a three-layer waveguide with refractive indices 1.5, 3.6 and 3.5 for (a) coupling between forward TE 0 and backward TE 0 mode, (b) coupling between forward TE 0 and backward TE 1 mode. The waveguide core thickness is 1 μm, the grating depth is 0.1 μm and the wavelength is 1.55 μm.
to t (see Fig. 1(a) ) and the thickness of the center layer of the unperturbed waveguide which is (t -g/2) shown in Fig. 1(b) , (c). The thickness of the central layer for the k 0 d axes used in Figs. 3 through 6 is d = (t − g/2).
APPENDIX III
Equivalent Equation Derivation
To show that the form of the coupling coefficient given by (3) is equivalent to the equation derived by Streifer et al. [10] , substitute (6) Note that t, p, h and q in [10] correspond to d, δ, s and ζ in this paper.
APPENDIX IV
Effective Gain
Using the perturbation approach described in [16] the modal gain for the case where there is gain in one of the three layers of the waveguide (see Fig. I-1 ) results in an effective gain coefficient of the mth layer The modal gain is the product of the effective gain coefficient and the material gain of the layer. The effective gain is almost the same as the layer confinement factor given by
(IV-5) = P m P 1 + P 2 + P 3 m = 1, 2, or 3 (IV-6) when the permittivity differences at both boundaries are small. The quantum well confinement factor in semiconductor lasers is an example of a layer confinement factor. The √ ε 2 k 0 /β re term multiplying the layer confinement factor is 1/cos(θ) in layer 2 where θ is the angle the ray corresponding to the mode makes with the axis of the waveguide. This term accounts for the zig-zag path taken by the ray and results in an increased (slight in most cases) modal gain than that calculated using the layer (or quantum well) confinement factor.
